Introduction
Let $R$ be a universally continuous semi-ordered linear space1). A functional $m$ on $R$ is called a modular, if it satisfies the following modular conditions: (1) $ 0\leqq m(a)\leqq\infty$ for all $a\in R$ ; (2) if $m(\xi a)=0$ for all $\xi\geqq 0$ , then $a=0$ ; (3) for any $a\in R$ there exists $\alpha>0$ such that $ m(\alpha a)<\infty$ ; (4) for every $a\in R$ , $m(\xi a)$ is a convex function of $\xi$ ; (5) necessary. We can define two kinds of norms on $R$ by the formulas: 1) We use mainly notation and terminology of [12] , [13] .
T. And\^o (8) II $a||=\inf_{\epsilon>0}\frac{1+m(\xi a)}{\xi}$ , (9) $|||a|||=\inf_{m(\xi a)\leqq 1}\frac{1}{|\xi|}$ .
The former norm is called the first one by $m$ and the latter the second (or sometimes modular-) one by $m$ . Among the important problems in the theory of modulared semi-ordered linear spaces are to investigate relations between properties of a modular and those of its norms and to investigate order-structure of the space. In this paper we shall turn our attention mainly to convexity and evenness (for the definitions, see below). In Chapter I.we sh.all concern ourselves with the question whether (uniform) convexity of the norm implies (uniform)" convexity of the modular.
We can give satisfactory answers in the case $R$ is non-atomic (Theorems 2.1, 2.2 and 3.4) . In connection with convexity we shall treat also evenness.
Recently H. W. Milnes [10] [8] , and we shall solve completely questions raised by him, so far as modulared semi-ordered linear spaces are considered.
, In fact, we shall give topological conditions under which the modular norm is equivalent to a strictly convex (even, uniformly convex etc.) one (Theorems 6.4, 6.6 and $\cdot$ 7.4) . Among the $important\star$ results is that if a modulared semi-ordered. linear space is reflexive as a Banach space, then its modular norm is equivalent to a uniformly convex one (Theorem 7.4) .
In connection with the above result, a coniecture arises that a semiordered linear space with a uniformly convex norm is modularable i.e. its norm is equivalent to a modular norm by some modular. In Appendix, we shall give a negative answer to this conjecture.
In the remainder of this Introduction, we shall state definitions and results used later from the theory of modulared semi-ordered linear spaces 2) For Orlicz spaces, see [17] .
developed by H. Nakano in $ [12, 13] of $m$ is defined by the formula: (10) $\tilde{m}(\tilde{a})=\sup_{\dot{x}\in R}\{\tilde{a}(x)-m(x)\}$ for $\tilde{a}\in\tilde{R}$ .
$\tilde{m}$ satisfies all the modular conditions (see [12; \S 38]), and ' (11) . By semi-regularity the following formulas are valid (see [11] , [12; \S 39-40] and [13; \S 83]) (12) $m(a)=u\frac{s}{x}\in\frac{p}{R}\{\overline{x}(a)-\overline{m}(\overline{x})\}$ for all $a\in R$ ; (13) 11 $a||=\sup_{\overline{m}(\overline{x})\leqq 1}|\overline{x}(a)|$ for all $a\in R'$ . Two norms satisfy always (see [12; \S 40]) (14) 111 $a|||\leqq||a||\leqq 2|||a$ III for all $a\in^{t}R\backslash $ , hence they are equivalent. The first norm and the second one by the conjugate modular $\overline{m}$ are denoted by $||-||$ and $|||-|,|$ [ respectively. Then we have (15) $||\overline{a}||=\sup_{|||x|||\leqq 1}1\overline{a}(x)|$ , As relations between these properties, we know (see [12; \S \S 42-46] , [13; \S 84] 3) General properties $P$ and $Q$ are said to be conjugate or associatecl, according as " $R$ possesses $P$ is equivalent to
When $R$ is semi-regular, by (12) We can easily prove that (s) is equivalent to
From the definition, strict convexity implies simplicity.
Before defining a conjugate type of strict convexity, we introduce the following notations: (17) $\pi_{-}(a)=\left\{\begin{array}{ll}\lim_{\epsilon\{0}\frac{m ( These limits exist because of convexity of $m(\xi a)$ . Now $m$ is said to be even, if it is monotone and satisfies the following conditions:
In order to obtain the conjugate type, the following formulas play an important r\^ole:
These are immediate consequences of (4) , (6) and (11) . H. Nakano [12; Proof. Under the assumption $\pi_{-}(a)<\infty$ , by (6) we can see without difficulty that (20)
Then by (4) we have for $\xi_{\nu}\geqq 0p_{\nu\cap}p_{\mu}=0(\nu, \mu=1,2, \cdots, \kappa)$ .
$\iota$
Then by (6) and (20) we have
For any $0\leqq b\in[a]R$ there exist step-elements $\{x_{\lambda}\}_{\lambda\in\Lambda}$ such that
(this is possible, because by ( 
Now extend
$\overline{a}$ over all $R$ by the formula:
Then by (7) and (20) we have
consequently from the definition (10) $\overline{m}(\overline{a})=\overline{a}(a)-m(a)$ .
Q.E.D. Lemma 1.2. In order that $m$ be even, it is necessary and sufficient that for any $ 0\leqq a\in R\pi_{-}(a)<\infty$ there exists uniquely
Proof. Necessity. For $a$ and $\overline{a}$ satisfying together $(\triangle)$ and for any $\epsilon>0a\backslash $ nd $x\in R$ , from (11) we obtain
Finally we obtain from the definition (17) (21) If $\pi_{-}(a)<\infty$ , from the assumption there exists uniquely Then by (11), (18) and (19) 
Then for any $a_{1},$ $a_{2}\in S$ satisfying 1
If further $\varphi$ satisfies the additional condition:
then we can add to the conelusion
for all $p\in R$ and using (iii), by so-called exhaustion method we can find
i.e. We shall use frequently the following version bf (10) , proved in [2] , (4) and (8) $m(\frac{\xi a+\eta b}{2})=\frac{m(\xi a)+m(\eta b)}{2}$ , consequently by $(s^{\prime})$ $\xi a=\eta b$ i.e. $a=b$ . Thus the first norm is strictly convex by definition. Now conversely, let $R$ be non-atomic and the first norm be strictly convex. We shall prove first that $m$ is infinitely increasing. Otherwise, there exist $0\neq a\in R$ such that $\sup_{\epsilon>}\frac{m(\xi a)}{\xi}=\gamma_{1}<\infty$ and. $\sup_{\epsilon>}\{\xi\gamma_{1}-m(\xi a)\}=\gamma_{2}<\infty$ .
Using non-atomicity of $R$ , we may assume that
. Then by the definition (8) we have
a fortiori is not strictly convex. Next we shall prove strict convexity.
Suppose that for $a\in R$ $\alpha\geqq\beta\geq 0$ , $\frac{\alpha+\beta}{2}$ $a$ is domestic and $ And\partial$ the second norm is strictly convex. If $R$ is non-atomic, the converse is also true.
Poof. Let $m$ be strictly convex and
The latter assumption shows that
hence by $(s^{\prime})a=b$ . Thus the second norm is strictly convex. Now conversely, let $R$ be non-atomic and the second norm be strictly coIlvex.
Since the norm is monotone, by [2; Theorem 3.3] we obtain $\inf_{x\neq 0}\omega(1|x)=1$ .
Next suppose that for
From (19) we may assume that $[a]<I$ $m(\alpha a)\leqq 1$ , because $R$ is nonatomic. By Lemma 1.5 there exist
then by (S) we can conclude $b=c$ , i.e. Remark 2.1. Since we proved in [5] that $(*)$ implies continuity of the norm, we can state " when $R$ is non-atomic, the second norm is strictly convex, if and only if $m$ is normal in the sense of H Nakano".
Next we shall consider evenness. Remark 2.2. (see [3] ) Evenness of a norm implies its continuity. Theorem 2.3. If $m$ is even, finite and infinitely increasing, then the first norm is even. If $R$ is non-atomic, the converse is also true.
Proof. Let $m$ be even, finite and infinitely increasing. For any 6) i.e. $0\leqq a<b$ implies $\Vert|a\Vert|<\Vert|b\Vert|$ . 
From this by (22) we obtain Il $a+d||=(\overline{b}+\overline{d})(a+d)=(\overline{c}+\overline{d})(a+d)$ .
Finally by (E) (15) and Lemma 1.4 the second norm by $m$ is even. Now conversely let $R$ be non-atomic and the second norm be even.
is uniquely determined for $a$ . We can prove further that $\overline{a}$ itself is uniquely determined. From this, through easy arguments we can conclude that $m$ is even.
Q.E.D.
T.
$ And\partial$ \S 3. Uniform convexity and uniform evenness of the norms
In this section we shall treat uniform convexity and uniform evenness of the norms by a modular. As uniformization of convexity H. Nakano [12] If $\overline{m}(\overline{a})\geqq 1$ , by non-atomicity of $R$ we can find $p\in R$ such that it follows from (8) and (15) il $ From this by (4) and (6) we can deduce 
Finally by (6) and (11) we can conclude $m(\frac{\alpha+\beta}{2}a)+\delta\leqq\frac{m(\alpha a)+m(\beta a)}{2}$ , thus $m$ is $u\grave{n}iformly$ convex.
Combining the above two theorems, we obtain a quite simple relation. 
$S$ is said to be K-bounded, if every C-bounded subset $\{a_{\lambda}\}_{\lambda\in\Lambda}$ such that $0\leqq a_{\lambda}\uparrow_{\lambda\in A}$ is bounded, i.e. . It is known (see [12; \S 30] and [16] ) that. Proof. $(1.1)\Leftrightarrow(1.2)$ is proved in [12; \S 30]. For $(1.3)\rightarrow(1.1)$ , see [3] . Finally if $(S, ||.||)$ contains a subspace $M$ isomorphic to $l_{\infty}$ , denote by $V$ the closed subspace of $M$ corresponding to $c_{0}$ under the isomorphic mapping. A. Sobszyk [15] showed that for any closed separable subspace $U$ such that . We can prove as in [12; \S 39] that
We conclude this section with an example of change of a modular. Therem 5.1. Every modular is equivalent to one whieh is continuous and infinitely increasing at the same time. If the $0\gamma iginal$ modular is strictly convex (or even), the obtained one can be also.
The proof is not difficult and is left to the readers.
\S 6. Strict convexity
In gg 6-7 let $(R, m)$ be eomplete under the modular norm. Our aim in this section iv to investigate conditions under which we can introduce a new modular on $R$ that is equivalent to the original and possesses some prescribed properties (for example, strict convexity, uniform convexity, etc.). We wish to express these conditions in connection with topological and order structures of $R$ . Our investigation was motivated by the question:
" what kinds of properties are invariant under an isomorphism11) between two modulared semi-ordered linear spaces ?" Since, as is shown in Chapter I, convexity and evenness of a modular are in close connection with those of their norms, our results give answers for the question: under what conditions the modular norm is equivalent to a strictly convex (uniformly convex, etc.) norm. Problems of this type were treated in the theory of Banach spaces by M. M. Day [8] . Supported by some of his results, we shall give almost complete answers, so far as modulared semi-ordered linear spaces are considered.
In the sequel, (M.), $(0.)$ , (T.) pand (N.) denote respectively a condition related to the modular structure of $R$ , to the order one, to the topological one and to the type of norms.
We begin with almost finiteness, though it has no direct connection with strict convexity and evenness. Consider the atomic part $R_{a}$ of $R$ .
In $R_{d}$ there exists a system of atoms $\{d_{\lambda}\}_{\lambda\in\Lambda}$ such that
We call $\{d_{\lambda}\}_{\lambda\in A}$ the complete system of atoms (with respect to $m$ 
The modular norm'is equivalent to an even norm.
Proof. Using Theorem 6.3-6.5, we can prove: $(M_{f,e})\Leftrightarrow(M_{f,e})\Leftrightarrow(O_{f,m})$ .
$(T_{f,e})\rightarrow(O_{f,e})$ is clear from Theorems 6.4-5. M. M. Day [8] proved that $l_{1}(\Lambda)$ does not admit any even norm equivalent to the original one, hence we obtain $(N_{e})\rightarrow(T_{f,e})$ . $(M_{f,e})\rightarrow(N_{e})$ follows from Theorem 2.3.
\S 7. Uniform convexity
For normed semi-ordered linear spaces, completeness and monotone completeness are different properties. Some special aspect of a modulared semi-ordered linear space which is monotone complete and has a continuous modular norm was studied in [1] , [14] and [16] . For example, S. Yamamuro [16] On the other hand, by Lemma 1.6 $m_{2}$ is uniformly finite on $R_{c}$ . Combining these, we can conclude uniform finiteness of $m_{2},$ $(see [1] 
The subset clearly this is a contradiction. On the other hand, it is known (see [12; \S 60]) that In fact, M. M. Day [6] gave an example of a relexive semi-ordered Banach space which does not admit any uniformly convex norm, equivalent to the original one. is a semi-ordered Banach space with the norm $(\#)$ . It is known that the norm on $L_{p}^{q}$ is both uniformly convex and uniformly even (see [7] ).
We shall show that Lg is not modularable, if $p\neq q$ . Suppose that 
